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On spatially-growing finite disturbances in
plane Poiseuille flow

By J. WATSON
National Physical Laboratory, Teddington, Middlesex

(Received 16 April 1962)

Possible solutions of the Navier—Stokes equations are given representing certain
finite disturbances in plane Poiseuille low which vary with distance parallel to
the bounding walls. These solutions are based on infinitesimal disturbances
which vary exponentially with distance (upstream or downstream) instead of
with time, and they are more closely related to the disturbances investigated
experimentally than the corresponding ‘time-dependent’ solutions.

1. Introduction

Contributions to the non-linear theory of the mechanics of instability in either
parallel flow or thermal convection have been given by, for example, Landau
(1944), Meksyn & Stuart (1951), Gorkov (1957), Malkus & Veronis (1958),
Stuart (1956 a, b, 1958, 1960, 1961 ), Veronis (1959), Benney & Lin (1960) and
Watson (1960). For a detailed account of these and other works the reader is
referred to Stuart (1961 a).

In nearly all of the above papers the non-linear theory is based upon the
standard linear theory, a detailed treatment of which is given by Lin (1955).
The theoretical investigation into the stability of a given parallel (or nearly
parallel) flow is undertaken on the basis of a linear theory in which the disturb-
ance takes the form of a wave travelling with constant velocity and with anampli-
tude which is the product of a function of the distance normal to the boundary
with an exponential function of time. The homogeneous equation and boundary
conditions represent an eigenvalue problem for determining this wave velocity
and the rate of amplification in terms of the wave-number («) of the disturbance
and the Reynolds number (R) of the flow. In general a number of eigenvalues
is theoretically possible for a given wave-number and given Reynolds number.
For many of the basic flows considered (including plane Poiseuille flow), within
a certain range of variation of wave-number and Reynolds number, it is found
that, for given a and R, one, and probably only one, of these disturbances
amplifies with time (supercritical disturbances), while outside this region all
such disturbances decay (subcritical disturbances). We are therefore presented
with the problem of retaining the full equations of motion and trying (a) to trace
the growth of supercritical disturbances, possibly to a state of equilibrium, and
(b) to trace subcritical disturbances backwards in time, possibly to some initial
state of equilibrium. For the case of plane Poiseuille flow Stuart (1960) overcame
an essential difficulty in these problems and showed how to obtain the most
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important terms in possible solutions to one or the other (but not both) of these
problems for points in the («, R)-plane sufficiently close to the neutral curve.
By a reformulation of the problem Watson (1960) was able to show how the full
solutions could be obtained.

These non-linear solutions represent disturbances which are periodic in
distance parallel to the bounding walls and grow exponentially with. time; on
the other hand, the disturbances investigated experimentally are quasi-steady
and vary in amplitude with distance downstream. An improved model is therefore
obtained in this paper by finding the solutions based on a linear theory in which
the disturbance is again a wave travelling with constant velocity but with an
amplitude which depends exponentially on distance downstream (instead of on
time). Mathematically this merely means that the roles of time and distance
downstream and the roles of wave-number and frequency are interchanged;
the characteristics of this linear theory parallel those for the standard theory and,
for example, the characteristics of the neutral disturbances of one linear theory
follow from the characteristics of the neutral disturbances of the other linear
theory. Hence the methods used by Stuart (1960) and Watson (1960) may be
used here to obtain possible solutions. Only the most likely possibility is treated
and only the most important terms in the solutions are dealt with. It is pointed
out that in experiments the disturbances are introduced at a finite point and the
solutions obtained will not represent the experimental disturbances near this
point; it might be expected, however, that the solutions represent disturbances
which approximate to the experimental disturbances sufficiently far downstream
of this point.

Experimental disturbances usually become three-dimensional downstream
of the point at which the disturbances are introduced. This could be taken into
account by considering three-dimensional disturbances in place of two-dimen-
sional ones (cf. Stuart 1961 &; Benney & Lin 1960).

For convenience we refer to the problem in which the amplitude of the dis-
turbance varies with time as the ‘time-dependent’ case and to the problem in
which the amplitudes varies with distance downstream as the ‘spatially-
dependent’ case.

2. Linear theory

In two-dimensional, incompressible flow between parallel planes let x denote
the distance parallel to the planes, z the distance normal to them measured from
the channel centre, i the stream function, £ the Reynolds number and £ the time.
Then the vorticity equation may be written in the form

§t+ wzgw— wmgz = R_IVZQ (2'1)
where =V =Y +V,, (2.2)

and the suffices indicate differentiation. All quantities have been made non-
dimensional, the reference length (k) being half the distance between the planes,
the reference velocity (U,) being the maximum velocity in steady flow and the
reference time being A/Uj,. Then the Reynolds number is B = U,A/v, where v is
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the kinematic viscosity. The basic steady flow considered is plane Poiseuille

flow, for which .

Y= f (1—22)dz. (2.3)
0

The other basic flow is plane Couette flow. This will not be considered here
although a formal analysis can be made in a manner similar to that for Poiseuille
flow (see Watson 1960).

In investigating the stability of Poiseuille flow the type of infinitesimal dis-
turbance considered is a wave travelling in the direction of flow having a stream

function of the form
¥ = OYy(z) et~ + O (2) e~tata—E0, (2.4)

where a is real [from the symmetry of (2.4) it is evident that there will be no loss
in generality if « is assumed to be positive], the symbol ~ denotes a complex
conjugate, and €' is an arbitrary constant. The linear equation for y,(2) is the
Orr—-Sommerfeld equation,

(% — o) (Y1 — &) — %y Yy + (3/aR) (Y77 — 207 +aty) = O, (2.5)

where an accent (superscript) indicates differentiation with respect to z and where
;= 1—2% This equation, together with the homogeneous boundary conditions
corresponding to the vanishing of the velocity components on the planes, con-
stitutes an eigenvalue problem to determine ¢ = c, 4 ic; as a function of o and R
(c will in general be complex). There are two fundamental sets of solutions, the
set of those solutions which are even functions of z and the set of solutions which
are odd functions of z; any solution is a linear combination of a solution from
each set. Now from physical considerations the given flow will be stable if R is
sufficiently small. Instability (corresponding to eigenvalues with ¢; > 0) has
been found only for the set of solutions even in z and, corresponding to any given
point («, R) in the unstable region of the (a, R)-plane, only one eigenvalue with
¢; > 0 has been found (it has also been found that ¢, is positive for this disturb-
ance). Hence the instability characteristics can be found by considering the
even solutions of (2.5). Since the equation and boundary conditions are homo-
geneous, ¥, is determined apart from an arbitrary multiplicative factor. Since
C is arbitrary, ¥, can be made definite by imposing the normalizing condition
¥41(0) = 1. The neutral curve in the («, B)-plane separating stable from unstable
disturbances is determined by those solutions for which ¢; = 0. This neutral
curve has been found (see Lin 1955). Having selected the desired eigenvalue
and eigenfunction, Stuart (1960) and Watson (1960) have used (2.4) as a basis
for a time-dependent non-linear theory.

This, however, is not a suitable model for the disturbances investigated experi-
mentally, which are quasi-steady and vary in amplitude with distance down-
stream. A better model is obtained by first introducing the new linear theory
below and using this as the basis of a non-linear theory similar to the time-
dependent one. The type of disturbance considered here is again one travelling
in the direction of flow but having a stream function of the form

Y = Oy (z) 6o~ 1 Cifry(2) e~ 2=, (2.6)
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where £ is real [from the symmetry of (2.6) there is no loss of generality if f is
assumed to be positive] and C is an arbitrary constant.t The linear equation
for i, is

L(a, B) ¥y = (@ — fla) (P — a2Pry) = Yy + (§faR) (Y17 — 202901 +atyfy) = 0,

(2.7)
and the boundary conditions are the same as in the time-dependent case-—the
disturbance velocities vanish on the walls so that ¢, and ¥ vanish at z = + 1.
This eigenvalue problem will give & = a, + ia; as a function of £ and R (« will be
complex in general). The given flow will be unstable to disturbances of the form
(2.6) if, for some values of § and R, an eigenvalue « can be found with a; negative.
If a; is put equal to zero in (2.7) then it is obvious that the required neutral
solutions of (2.7) are found immediately from the neutral (c; = 0) solutions of
(2.5), the only solutions which are not identically zero being the solutions which
are even functions of z. Since C is an arbitrary constant we can make the function
yr, definite by imposing the normalizing condition 1,(0) = 1. Then the neutral
solutions of (2.7) will be identical with the neutral solutions of (2.5) (a, will of
course be positive for these disturbances). The neutral curve in the (4, R)-plane
for disturbances (2.6) follows immediately from the eigenvalues for the neutral
disturbances of (2.4). Since instability can only occur for -, continued analytic-
ally from the neutral solutions into solutions with o complex and f real, ¥,
remains an even function of z. It might be expected that (i) for any given values
of # and R such that the point (4, R) lies inside the neutral curve, we shall find
one and probably only one eigenvalue o with a; negative, in which case (2.6)
will be an unstable disturbance, and (ii) for any given § and R such that the point
lies outside the neutral curve, we shall find no unstable disturbances. For points
near the neutral curve Gaster (1962) has pointed out that the above conjectures
are true and that it is probable to prove in this case that the transformation is
based on a group velocity. Earlier Schlichting (1933) used the group velocity in
this way although apparently without mathematical proof. As in the time-
dependent case these two regions in the (f, R)-plane will be called the super-
critical and subecritical regions respectively. The stream function (2.6) contains
the amplitude factor e~ so that the linear theory can be said to be valid only
when e~ is very small. This will be true only far upstream in the supercritical
case (a; < 0) and far downstream in the subecritical case (a; > 0).

3. Non-linear theory

The stream function (2.6) involves the sum of terms of the form f(x,z)e %
and F(z,z)e'#. As the growth of the disturbance is traced, downstream in the
supercritical case, upstream in the subcritical case, each of these terms interacts
with itself, with the other and with the main flow, modifying them and generating
higher harmonics of the form f, (x, z) e®#t (n = + 2, + 3, ...). It therefore appears
permissible to expand the stream function of the flow when non-linearity is
included as a Fourier series in ¢.

+ This type of disturbance has been used, in connection with another problem, by
M. Gaster (1962).
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Let the stream function for the flow be represented by the Fourier series
Y(@,2,t) = g+¢' = $@,2)+ T {$"(w,2) e+ Mz, z)en ). (3.1)
n=1

As the amplitude of the disturbance tends to zero ¢ tends to the undisturbed
stream function, .
f wdz,
0

and the other part of the right-hand side of (3.1) tends to the linear disturbance
stream-function (2.6). When the disturbance has non-zero amplitude the sum
on the right-hand side of (3.1) represents the stream function of the disturbance
while ¢ is the mean stream function, where the mean is taken with respect to ¢
over the period of the disturbance, 27/8. The expression (3.1} is to be substituted
into (2.1) and the Fourier components are to be equated. The equation arising
from equating the terms independent of ¢ is equivalently found by taking the
mean of equation (2.1), and this can be written in the form

6.V20, — §.V*G,+ (8. V2, — $.V?;) = BTV, (3.2)
The term (¢, V3¢, — ¢, V24,) is the Reynolds-stress term representing the effect
of the disturbance on the mean motion; in the linear theory it is neglected. The
disturbance equation is found on subtracting (3.2) from (2.1) and it can be written
in the form
Ve, + B, V2p, + §. V2, — $. Vi~ 6, VPG, + x = BTV, (3.3)
where X = B, Vi, — . Vi, — ($. VP, — 6. V?6,). (3.4)
In the disturbance equations y is the non-linear part, which is neglected in the
linear theory.
Equations (3.2) and (3.3) have to be solved for ¢ and ¢’. When the expression
for ¢’ [equation (3.1)] is used and components of the Fourier series are separated
we obtain the equations

8.9, 3.V~ RIVG = T ($DVID + GOV G0V - S V),
n=1
(3.5)

B,V —mict, eV + IV, — 3, Vo0 - S0V, — RIVign
=T (B GV S (G~ Vg
1 1

M= m=n+

— S GV _ FIVIEE™) (> 1), (3.6)
m=1

In (3.6) it is understood that the summmations from m = 1 to m = n—1 are to be
omitted when » = 1.
The boundary conditions to be imposed are that the velocities (¥,, —¥,)
vanish on the bounding planes, z = + 1, at all times and for all x. This gives
=P, =M =9 =0 at z=+1forallx
or, for all , ¢, =¢™ =0, § and ¢ const. at z = + 1. (3.7)
In addition an ‘initial’ condition has to be imposed: as the amplitude of the
disturbance tends to zero, the disturbance must tend through the infinitesimal
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disturbance (2.6) to zero (as x — + 0, according to whether the flow is subcritical
or supercritical). Since the undisturbed state is attained as x — + co it follows
that the boundary conditions (3.7) for all x are¥

1
B g = gm =0, = [T at 2ol (3.8)
0

It follows from (3.8) that the volume flux is an absolute constant. Following
earlier work (see Watson 1960) we seek a solution of (3.5), (3.6) in the form

89 = 4 frat 5 AP ) (0> D), (39)
$ = fzﬁ,dz+ 3 |A[nf,, (3.10)
0 m=1
da |, = .
and T Amgoam |[4]zm (ay = i), (3.11)

where the ‘amplitude’ A4 is a function of = only, ¥,,, ¥, f,n are functions of z
only and a,, (m > 1) are constants to be determined. That a, = 7o follows from
the ‘initial’ condition. It can readily be shown that the equation for 4|2 is
2 ©
%'— = 2|A[2m2_0am, [4[2™ (@, = Cpp+i0,,), (3.12)
from which it follows that |A4|2 is monotonic in z between zero and the first
positive zero of the right-hand side of (3.12).

It can be shown that, when (3.9)—(3.11) are substituted into (3.5) and (3.6),
an infinite set of equations is obtained in which each term in each equation is the
product of a power of | 4|2 with a function of z. Since |4 |? varies with zin a range
of | A|?including zero then, in each equation, the coefficients of | 4|2 (m = 1,2, ...)
must cancel. This gives the differential equations for the functions of z in (3.9)
and (3.10); these differential equations must be solved in a definite order. Until
these functions of z have been calculated it is not known exactly how they behave
for small values of a,, However, let us agsume that the most likely behaviour
does occur (cf. Watson 1960). Then the terms in (3.9) to (3.11) decrease in magni-
tude as m increases and the first-order solution is obtained by retaining terms up
to order |A4|® and neglecting smaller-order terms. We therefore need to know
Vi1, Ve Vs, f1 and a, (as well as ¥, of course); of these functions ¥; must be
calculated first and 1y; and a, last. The equations for these functions are

L, )y, = 0, (3.13)
L(20, 28) Yy = $(Y1 Y7 —¥191), (3.14)
L(3e, 38) s = [ (s — 4a?3)
+ 2¢ry(y — o) — 290 (Vs — 4atp,) — Ya(Yi — )], (3.15)
R+ 8o + 160 fy) + 20, {w(f1 + 43 fy) — w7 f1}
= a1 (Y] — aPry) — Y (P — &) — @y (P — a2,) — Uy — 0621.0(1;],16)
L(e, ) Yri — (2 /o) g(ry1) = — (i@, ]02) g(¥1) + G115 (3.17)

+ It appears reasonable from physical considerations that the boundary and ‘initial’
conditions which we have imposed are the correct boundary conditions.
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where

—"

g(¥) = {—w+ [4i(a+ i) [ R} " + {(3a® + Bror; — 4af) — 2B(a+ 0t,) + 7
— [43(x + 1) | R] (&2 + 2iccor, — 202)}
and
gun = oMoy (fi' + 403 fi) — ofy (Y1 — oyry) + it fy (Y1 — a®yy)
— Zia, Yy (f1 + 40 fi) + 2a)( Jy — 5525%) - 20";‘;( s —4a%),)
+ (P — &) — &g (Yz — daB)].

The boundary conditions corresponding to these equations have still to be
given. Since the boundary conditions (3.8) have to be satisfied for all values of
and so for all [A| sufficiently small, then it is easily shown from (3.9) to (3.11)
and (3.12) that the boundary conditions are

¢n=¢‘;=¢‘nm=¢‘;m=fm=f'r;t=0 at z=11. (3.18)

Since i, is an even function of z it is readily seen from (3.14) and (3.18) that i,
is odd, from (3.15) and (3.18) that yr; is even, from (3.16) and (3.18) that f, is
odd and from (3.17) and (3.18) that i, is even. The equations (3.13) to (3.17)
need therefore only be solved between z = 0 and z = 1, when the boundary
conditions are

¢£= 1"=¢2= ;’=¢;: gf:f1=1”=¢11=¢1”1:0 at z =0,
¢1=¢1=7ﬁ2=¢é=¢3=¢:’3=f1=f1’=¢11=7ﬁ11=0 at z2=1,

together with the normalizing condition ¥ (0) = 1.
Now if we write ¥, in the form

} (3.19)

Y = (@1/22) Yy + Vs (3.20)
then, from (3.17), ¥, satisfies
L(et, B) Y — (2ict /@) (Y1) = g (3.21)

and ¥r,, satisfies the same boundary conditions as ;. The most likely case,
which is considered here, is when ¥, is expanded in the series

Y= ) Yig P+ Y@+ oy + ..., (3.22)
where the functions on the right-hand side of (3.22) are bounded, satisfy
L(a, B)yiz? = 0, (3.23)
L{a, B) Y52 = (2¢)) g(iz™) +gus, (3.24)
Lia, YR = (Zija) (i) (r = 1), (3.25)

respectively, and satisfy the same boundary conditions as ;. To the order
which is being considered it is necessary to find the required solutions of (3.23)
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and (3.24) only, for which it is necessary to use (3.25) with r = 1. Define y; to
be the solution of the Orr—Sommerfeld equation satisfying

Xs=Xxs=0, xz=1, xX§f=0 at 2=0 (3.26)
and ® by @ = (x;3—a?xs) —{x5(1) — aZxa(1)} (Y] — a®yy) /1 (1)T (3.27)

(which satisfies the equation adjoint to the Orr—Sommerfeld equation and
satisfies the same boundary conditions as ¥,). Then the required solution of
(8.23) is (see Stuart 1960 and Watson 1960)

Yt = Ay, (3.28)

where A is given by

1 1
A= —a fo g, dz / 2 fo Og(ir,) d. (3.29)

The right-hand side of (3.24) is therefore a known even funetion and since the
solution of (3.24) is to be an even function, it must have the form

U = Ay + Bxg+ P, (3.30)

where P is any even particular integral of (3.24). Either of the two conditions at
z = 1 will determine B and the other condition at z = 1 will be satisfied. It follows
from equation (3.25) with » = 1 that the constant 4 is given by

- _fld)g{Bx3+P}dz/f1q>g(¢1)dz, (3.31)
0 0

so that both ¥{7V and {9 can be found in this way. The required solutions of
(3.25) for any r can be found in a similar manner. It can be shown that a, is
arbitrary so that in particular it can be chosen to have the value

a, = — 2, (3.32)
when, from (3.20), Y =9Q +oa P +.... (3.33)
This choice of @, makes both a, and ¢,; bounded, however small «, may be.
To the order considered oy = YO (3.34)

When ¢y, ¥y, Y3, f1, 39 and a, have been found then the solution (3.9), (3.10)
will have been found up to terms of order |4|? after the function 4 has been
calculated from (3.11) retaining only the terms of order |4|3. It will therefore

be necessary to solve dA[dx = Alic+a, |AJ?), (3.35)
from which, of course, ’

d|A2fdx = 2 |A|*(—o;+ 0y, |4]?). (3.36)

+ The analysis in this paper does not hold near points in the (f, R)-plane where there
is a complementary function of (3.14) or (3.15) which satisfies the boundary conditions or
at points where either ¥7(1) = 0 or 1,(0) = 0. At a point where 1,(0) = 0 the normalizing
condition can be taken as ¥1(0) = 1 when i, = x,, and the analysis remains unaltered if,
in the text, ¥, is replaced by yx,, the solution of the Orr—Sommerfeld equation satisfying

Vi3

=1, xXi=xi=xi=0 at z=0.
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It readily follows from (3.36) that
[4]2 = —a; K e~ 24®[(1 — a,, K e~2%), (3.37)

where K is an arbitrary constant of integration. Therefore as |4]| — 0, that is,
as o;x - o0, |4|? ~ —a; K e22=. But since 4 ~ Ce?*® as |4| - 0 then we can
say that C and K are related by

—o, K =|C|2 (3.38)

The equilibrium amplitude, |4], is found (to the first approximation) from
(3.37) to be given b
given by |A]2 = ayay,. (3.39)

14)?

r:'-':f/ 1A|f=d,‘/a1r

S~

x

Ficure 1. Possibility for spatial growth of amplitude in plane
Poiseuille low—-subcritical case (a;, > 0).

|4f?

fAif:al./a“_

/

FicURE 2. Possibility for spatial growth of amplitude in plane
Poiseuille flow—supercritical case (a,, <0).

x

If a,, turns out to be positive then this equilibrium amplitude can be found only
in the subcritical case (a; > 0) (for the behaviour of |4|? with distance, see
figure 1), while if a,, is negative the equilibrium amplitude can be found only in
the supercritical case (a; < 0) (see figure 2 for the behaviour of | 4|2 with distance,
but note that, in experiments, disturbances are introduced at a finite value of x).
Now K or |C|? is arbitrary because it corresponds to the arbitrariness in the
position of the origin of the x-axis. There will therefore be no loss in generality
if we assume that |C|2 = |a;| so that from (3.38), K = —sgn a; and (3.37) becomes

]2 = [a] /(1 + 0y 80 2, ¢-222), (3.40)
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Also the argument of C is arbitrary because it corresponds to the arbitrariness
in the position of the origin of time (we have in effect already specified the origin
of the z-axis). There will therefore be no loss in generality if we assume that the
argument of C is zero. Then from (3.35) it is readily shown that the argument
of A follows from

A4 = e?ire, (3.41)
where v = o, (ay;/2a,,7) log (1 + a;, 8gn o, e—2%%) (3.42)

is the wave-number of the disturbance and it changes with distance parallel to
the walls. In deriving this result from (3.35) and its complex conjugate, (3.36)
and (3.40) have been used. This has the proper behaviour as 4 — 0; it is easily
seen that vy — a, as 4 — 0. Also in the equilibrium state

Y=o+ (ali/alr) %y (3'43)

The speed S of the disturbance also varies with distance parallel to the walls
and is given by
S = ﬂ / v (3.44)

but the frequency does not change.

When an equilibrium state exists, as in the case we are considering, then the
same analysis shows that there is a similar disturbance for |4 > |4|,, although
a second equilibrium state probably could not be calculated. If such equilibrium
states exist in the subcritical region («; > 0) then these disturbances amplify
with distance downstream, so that the states of equilibrium are unstable, showing
that, although the basic flow is stable to infinitesimal disturbances in this region,
it can be unstable to certain finite disturbances. On the other hand, if such
equilibrium states exist in the supercritical region (x; < 0) then these dis-
turbances decay with distance downstream to the states of equilibrium, so that
the states of equilibrium may be stable to infinitesimal disturbances.

In the problems considered by Stuart (1960) and Watson (1960), the flow is
periodic in z and the mean is taken with respect to z; if we take the mean of the
continuity equation and apply the boundary condition that @ = 0 on the walls,
it follows that w = 0 so that the mean flow remains parallel for all times. Here,
however, the mean is taken with respect to £ and it does not follow that the mean
flow is parallel. In fact, from (8.10), w = — ¢, varies with z so that the mean flow
is not parallel. If an equilibrium state exists then, as it is approached, | 4| will
tend to a constant and w will tend to zero, that is, the mean flow will become
parallel. Another point is that in the time-dependent problem the mean pressure
gradient had to be specified to get a unique solution (for example, the mean
pressure gradient could be assumed to be an absolute constant or it could be
chosen to make the mass-flux constant). In the spatially-dependent problem,
however, no corresponding condition need be imposed—the mass flux 4s constant,

By comparing this analysis with the time-dependent growth analysis it can
be shown that, in the limit as the neutral curve is approached, the value of ¢, in
one case can readily be obtained from the value of a, in the other case.
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